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Abstract
These talks review and summarize our results in [1, 2] on XYZ-like spectra obtained from QCD Laplace Sum Rules
in the chiral limit at next-to-next-leading order (N2LO) of perturbation theory (PT) and including leading order (LO)
contributions of dimensions d ≤ 6 − 8 non-perturbative condensates. We conclude that the observed XZ states are
good candidates for 1+ and 0+ molecules or / and four-quark states while the predictions for 1− and 0− states are about
1.5 GeV above the Yc,b experimental candidates and hadronic thresholds. We (numerically) find that these exotic
molecules couple weakly to the corresponding interpolating currents than ordinary D, B heavy-light mesons while we
observe that these couplings decrease faster [1/m3/2b (resp. 1/mb) for the 1
+, 0+ (resp. 1−, 0−) states] than 1/m1/2b . Our
results do not also confirm the existence of the X(5568) state in agreement with LHCb findings.
Keywords: Perturbative and Non-perturbative QCD, QCD spectral sum rules, Exotic hadrons, Masses and Decay
constants.
1. Note for the Readers
This paper summarizes the results in our original
works [1, 2]. Most of the references fairly quoted there
are not repeated here due to space limitations. We sin-
cerely apologize for that.
2. Introduction
A large amount of exotic hadrons which differ from
the “standard” c¯c charmonium and b¯b bottomium ra-
dial excitation states have been discovered in D and
∗Talk given at 19th International Conference in Quantum Chromo-
dynamics (QCD 16, 4-8 july 2016, Montpellier - FR) and at the 8th
International Conference in High-Energy Physics (HEPMAD16-15th
anniversary, 13-18th october 2016, Antananarivo, MG)
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Rabetiarivony), artesgaetan@gmail.com (G. Randriamanatrika)
1PhD student.
B-factories through e.g. J/ψpi+pi− and Υpi+pi− pro-
cesses [3, 4]. They are referred as XYZ states [5]. In
this talk, we shall present our predictions for the masses
and couplings of these states obtained using the Laplace
sum rule (LSR) [6–9] version of QCD spectral sum
rules (QSSR) [6] 2 known at next-to-next-leading order
(N2LO) of PT series and including non-perturbative
condensates of dimensions d ≤ 6 − 8. In so doing, we
assume a factorization of the four-quark spectral func-
tions into a convolution of two ones built from quark
bilinear currents as in [12–14]. We show in [1] that this
factorization, though valid to leading order in 1/Nc, can
reproduce with a good accuracy the predictions for the
masses and couplings obtained from a complete lowest
αs order expression.
3. Molecules and Four-quark two-point functions
We shall work with the transverse part Π(1) of the
2For a review, see e.g. [10, 11].
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two-point spectral functions :
Πµν(q) ≡ i
∫
d4 x eiq.x〈0|T [Oµ(x)Oν†(0)]|0〉
= −Π(1)(q2)(gµν − q
µqν
q2
) + Π(0)(q2)
qµqν
q2
, (1)
for the spin 1 states while for the spin zero ones, we
shall use the two-point functions ψ(s,p)(q2) built directly
from the (pseudo)scalar currents:
ψ(s,p)(q2) = i
∫
d4 x eiq.x〈0|T [O(s,p)(x)O(s,p)(0)]|0〉 , (2)
which is related to Π(0) appearing in Eq. (1) via Ward
identities [10, 11].
• Interpolating currents
The interpolating currents O for the molecules (resp.
four-quark states) are given in Table 1 (resp. Table 2).
Table 1: Interpolating currents with a definite C-parity describing the
molecule-like states. Q ≡ c (resp. b) for the D¯D (resp. B¯B)-like
molecules. q ≡ u, d.
States JPC Molecule Currents ≡ Omol(x)
0++
D¯D, B¯B (q¯γ5Q)(Q¯γ5q)
D¯∗D∗, B¯∗B∗ (q¯γµQ)(Q¯γµq)
D¯∗0D
∗
0, B¯
∗
0B
∗
0 (q¯Q)(Q¯q)
1++
D¯∗D, B¯∗B i√
2
[
(Q¯γµq)(q¯γ5Q) − (q¯γµQ)(Q¯γ5q)
]
D¯∗0D1, B¯
∗
0B1
1√
2
[
(q¯Q)(Q¯γµγ5q) + (Q¯q)(q¯γµγ5Q)
]
0−±
D¯∗0D, B¯
∗
0B
1√
2
[
(q¯Q)(Q¯γ5q) ± (Q¯q)(q¯γ5Q)
]
D¯∗D1, B¯∗B1 1√2
[
(Q¯γµq)(q¯γµγ5Q) ∓ (Q¯γµγ5q)(q¯γµQ)
]
1−±
D¯∗0D
∗, B¯∗0B
∗ 1√
2
[
(q¯Q)(Q¯γµq) ∓ (Q¯q)(q¯γµQ)
]
D¯D1, B¯B1 i√2
[
(Q¯γµγ5q)(q¯γ5Q) ± (q¯γµγ5Q)(Q¯γ5q)
]
Table 2: Interpolating currents with a definite P-parity describing the
four-quark states. Q ≡ c (resp. b) in the charm and bottom channels.
q ≡ u, d.
JP Four-Quark Currents ≡ O4q(x)
0+ abcdec
(qTa Cγ5 Qb)(q¯d γ5C Q¯Te ) + k(qTa C Qb)(q¯d C Q¯Te )

1+ abcdec
(qTa Cγ5 Qb)(q¯d γµC Q¯Te ) + k(qTa C Qb)(q¯d γµγ5C Q¯Te )

0− abcdec
(qTa Cγ5 Qb)(q¯d C Q¯Te ) + k(qTa C Qb)(q¯d γ5C Q¯Te )

1− abcdec
[(
qTa Cγ5 Qb
)(
q¯d γµγ5C Q¯Te
)
+ k
(
qTa C Qb
)(
q¯d γµC Q¯Te
)]
• Spectral Function within MDA
We shall use the Minimal Duality Ansatz (MDA)
given in Eq. 3 for parametrizing the spectral function:
1
pi
ImΠ(t) ' f 2H M8Hδ(t −M2H) + “QCD continuum”θ(t − tc),(3)
where fH is the decay constant defined as:
〈0|O(s,p) |H〉 = f (s,p)H M4H , 〈0|Oµ |H〉 = f (1)H M5Hµ , (4)
respectively for spin 0 and 1 hadronic states H with µ
the vector polarization. The higher states contributions
are smeared by the “QCD continuum” coming from the
discontinuity of the QCD diagrams and starting from a
constant threshold tc.
• NLO and N2LO PT corrections using factorization
Assuming a factorization of the four-quark interpo-
lating current as a natural consequence of the molecule
definition of the state, we can write the corresponding
spectral function as a convolution of the spectral func-
tions associated to quark bilinear current for the D¯D∗
and D¯∗0D
∗ spin 1 states:
1
pi
ImΠ(1)H (t) = θ(t − 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
M2Q
dt1
∫ (√t−√t1)2
M2Q
dt2
× λ3/2 1
pi
ImΠ(1)(t1)
1
pi
Imψ(s,p)(t2) . (5)
For the D¯D spin 0 state, one has:
1
pi
Imψ(s)H (t) = θ(t − 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
m2Q
dt1
∫ (√t−√t1)2
m2Q
dt2
× λ1/2
( t1
t
+
t2
t
− 1
)2
× 1
pi
Imψ(p)(t1)
1
pi
Imψ(p)(t2), (6)
and for the D¯∗D∗ spin 0 state:
1
pi
ImψH(t) = θ(t − 4M2Q)
(
1
4pi
)2
t2
∫ (√t−MQ)2
m2Q
dt1
∫ (√t−√t1)2
m2Q
dt2
× λ1/2
[ ( t1
t
+
t2
t
− 1
)2
+
8t1t2
t2
]
× 1
pi
ImΠ(1)(t1)
1
pi
ImΠ(1)(t2), (7)
where:
λ =
1 −
(√
t1 − √t2
)2
t

1 −
(√
t1 +
√
t2
)2
t
 , (8)
is the phase space factor and MQ is the on-shell heavy
quark mass. Im Π(1)(t) is the spectral function associ-
ated to the bilinear c¯γµ(γ5)q vector or axial-vector cur-
rent, while Im ψ(5)(t) is associated to the c¯(γ5)q scalar
or pseudoscalar current 3. An analogous convolution is
assumed for the four-quark states.
3In the chiral limit mq = 0, the PT expressions of the vector (resp.
scalar) and axial-vector (resp. pseudoscalar) spectral functions are the
same.
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• The Laplace sum rule (LSR)
The exponential or Laplace sum rule (LSR) and its
ratio read 4:
LH(τ, tc, µ) =
∫ tc
4M2Q
dt e−tτ 1
pi
ImΠ(1,0)H (t, µ) , (9)
RH(τ, tc, µ) =
∫ tc
4M2Q
dt t e−tτ 1pi ImΠ
(1,0)
H (t, µ)∫ tc
4M2Q
dt e−tτ 1pi ImΠ
(1,0)
H (t, µ)
' M2R , (10)
where µ is the subtraction point which appears in the
approximate QCD series when radiative corrections are
included and τ is the sum rule variable replacing q2.
Similar sum rules are obtained for the (pseudo)scalar
two-point function ψ(s,p)(q2).
• Stability criteria and some phenomenological tests
The variables τ, µ and tc are, in principle, free param-
eters. We shall use stability criteria (if any), with re-
spect to these free 3 parameters, for extracting the op-
timal results. In the standard Minimal Duality Ansatz
(MDA) given in Eq. 3 for parametrizing the spectral
function, the “QCD continuum” threshold tc is constant
and is independent on the subtraction point µ. One
should notice that this standard MDA with constant tc
describes quite well the properties of the lowest ground
state as explicitly demonstrated in [15] and in various
examples [10, 11] after confronting the integrated spec-
tral function within this simple parametrization with the
full data measurements. It has been also successfully
tested in the large Nc limit of QCD in [16]. Though it is
difficult to estimate with a good precision the systematic
error related to this simple model, these features indi-
cate the ability of the model for reproducing accurately
the data. We expect that the same feature is reproduced
for the case of the XYZ discussed here where complete
data are still lacking.
4. QCD input parameters
The QCD parameters which shall appear in the fol-
lowing analysis will be the charm and bottom quark
masses mc,b (we shall neglect the light quark masses
q ≡ u, d), the light quark condensate 〈q¯q〉, the gluon
condensates 〈αsG2〉 ≡ 〈αsGaµνGµνa 〉 and 〈g3G3〉 ≡
〈g3 fabcGaµνGb,νρ Gc,ρµ〉, the mixed condensate 〈q¯Gq〉 ≡
〈q¯gσµν(λa/2)Gaµνq〉 = M20〈q¯q〉 and the four-quark con-
densate ραs〈q¯q〉2, where ρ ' 3 − 4 indicates the de-
viation from the four-quark vacuum saturation. Their
4The last equality in Eq. 10 is obtained when one uses MDA in
Eq. 3 for parametrizing the spectral function.
values are given in Table 3. We shall work with the run-
ning light quark condensates and masses, which read to
leading order in αs:
〈q¯q〉(τ) = −µˆ3q (−β1as)2/β1 , 〈q¯Gq〉(τ) = −M20 µˆ3q (−β1as)1/3β1 ,(11)
where β1 = −(1/2)(11 − 2n f /3) is the first coefficient
of the β function for n f flavours; as ≡ αs(τ)/pi; µˆq is the
spontaneous RGI light quark condensate [17].
Table 3: QCD input parameters: the original errors for 〈αsG2〉, 〈g3G3〉
and ρ〈q¯q〉2 have been multiplied by about a factor 3 for a conservative
estimate of the errors (see also the text).
Parameters Values Ref.
αs(Mτ) 0.325(8) [18–20]
mc(mc) 1261(12) MeV average [3, 21, 22]
mb(mb) 4177(11) MeV average [3, 21]
µˆq (253 ± 6) MeV [10, 11, 23–25]
M20 (0.8 ± 0.2) GeV2 [26–30]〈αsG2〉 (7 ± 3) × 10−2 GeV4 [7, 8, 19, 21, 31–34]
〈g3G3〉 (8.2 ± 2.0) GeV2 × 〈αsG2〉 [21]
ραs〈q¯q〉2 (5.8 ± 1.8) × 10−4 GeV6 [19, 26, 27, 34, 35]
5. QCD expressions of the spectral functions
In our works [1, 2], we provide new compact inte-
grated expressions of the spectral functions at LO of PT
QCD and including non-perturbative condensates hav-
ing dimensions d ≤ 6 − 8. NLO and N2LO corrections
are introduced using the convolution integrals in Eq. 5.
The expressions of spectral functions of heavy-light bi-
linear currents are known to order αs (NLO) from [36]
and to order α2s (N2LO) from [37] which are available as
a Mathematica Program named Rvs. N3LO corrections
are estimated from the geometric growth of the QCD PT
series [38] as a source of the PT errors, which we expect
to give a good approximation of the uncalculated higher
order terms dual to the 1/q2 contribution of a tachyonic
gluon mass [39, 40] (for reviews see e.g [41, 42]).
In our analysis, we replace the on-shell (pole) mass
appearing in the LO spectral functions with the running
mass using the relation, to order α2s [43–52]:
MQ = mQ(µ)
[
1 +
4
3
as + (16.2163 − 1.0414nl)a2s
+Log
(
µ
MQ
)2 (
as + (8.8472 − 0.3611nl)a2s
)
+Log2
(
µ
MQ
)2
(1.7917 − 0.0833nl) a2s ...
]
, (12)
for nl light flavours where µ is the arbitrary subtraction
point and as ≡ αs/pi.
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6. Tests of the Factorization Assumption
• D¯∗0D∗(1−) molecule state at LO
Figure 1: (a) Factorized contribution to the four-quark correlator at lowest
order of PT; (b) Non-factorized contribution at lowest order of PT (the figure
comes from [12]).
In the following, we shall test the factorization assump-
tion if one does it at lowest order (LO) of perturba-
tion theory (PT) by taking the example of the D¯∗0D
∗(1−)
molecule state. To LO of PT, the four-quark correla-
tor can be subdivided into its factorized (Fig. 1a) and its
non-factorized (Fig. 1b) parts.The analysis for the decay
constant and mass including NP contributions up to di-
mension d = 6 is shown in Fig. 2. We conclude from
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Figure 2: a) Factorized ( = 0) and full ( = 1) lowest order PT⊕NP contribu-
tions to fD∗0D∗ as function of τ for a given value of tc = 42 GeV
2, µ = 4.5 GeV,
mc(mc) = 1.26 GeV and using the QCD parameters in Table 3; b) The same as
a) but for the mass MD∗0 D∗ .
the previous two examples that assuming a factorization
of the PT at LO and including NP contributions induces
an effect about 2.2% for the decay constant and 0.5%
for the mass which is quite tiny. However, to avoid this
(small) effect, we shall work in the following with the
full non-factorized PT⊕NP of the LO expressions.
• B0B¯0 four-quark correlator at NLO
For extracting the PT αns corrections to the correla-
tor and due to the technical complexity of the calcu-
lations, we shall assume that these radiative correc-
tions are dominated by the ones from the factorized di-
agrams (Fig. 3a,b) while we neglect the ones from non-
factorized ones (Fig. 3c to f). This fact has been proven
Figure 3: (a,b) Factorized contributions to the four-quark correlator at NLO
of PT; (c to f) Non-factorized contributions at NLO of PT (the figure comes
from [12]).
explicitly by [13, 14] in the case of the B¯0B0 systems
(very similar correlator as the ones discussed in the fol-
lowing) where the non-factorized αs corrections do not
exceed 10% of the total αs contributions.
• Conclusions
We expect from the previous LO example that the
masses of the molecules are known with a good ac-
curacy while, for the coupling, we shall have in mind
the systematics induced by the radiative corrections es-
timated by keeping only the factorized diagrams. The
contributions of the factorized diagrams will be ex-
tracted from the convolution integrals given in Eq. 5.
Here, due to a partial cancellation of the corrections, the
suppression of the NLO corrections will be more pro-
nounced in the extraction of the meson masses from the
ratio of sum rules than to the case of the B¯0B0 systems.
7. D¯D molecule decay constant and mass
• τ and tc stabilities
We study the behavior of the coupling 5 fDD and mass
MDD in terms of LSR variable τ at different values of tc
as shown in Fig.4 at LO, in Fig. 5 at NLO and in Fig. 6 at
N2LO. We consider, as a final and conservative result,
the one corresponding to the beginning of the τ-stability
(τ ' 0.25 GeV−2) for tc=22 GeV2 until the one where
tc-stability starts to be reached for tc ' 32 GeV2 and for
τ ' 0.35 GeV−2. In these stability regions, the require-
ment that the pole contribution is larger than the one of
the continuum is automatically satisfied.
5Here and in the following : decay constant is the same as : cou-
pling.
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Figure 4: a) fDD at LO as function of τ for different values of tc, for µ = 4.5
GeV and for the QCD parameters in Table 3; b) The same as a) but for the mass
MDD.
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Figure 5: a) fDD at NLO as function of τ for different values of tc, for µ = 4.5
GeV and for the QCD parameters in Table 3; b) The same as a) but for the mass
MDD.
• Running versus the pole quark mass definitions
We show in Fig. 7 the effect of the definitions (running
and pole) of the heavy quark mass used in the analysis at
LO which is relatively important. The difference should
be added as errors in the LO analysis. This source of
errors is never considered in the current literature.
• Convergence of the PT series
Using tc = 32 GeV2, we study in Fig. 8 the convergence
of the PT series for a given value of µ = 4.5 GeV. We
observe (see Table 4) that from NLO to N2LO the mass
decreases by about only 1 per mil indicating the good
convergence of the PT series.
• µ-stability
We improve our previous results by using different val-
ues of µ (Fig. 9). Using the fact that the final re-
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Figure 6: a) fDD at N2LO as function of τ for different values of tc, for µ = 4.5
GeV and for the QCD parameters in Table 3; b) The same as a) but for the mass
MDD.
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Figure 7: a) fDD at LO as function of τ for tc = 32 GeV2, for µ = 4.5 GeV, for
values of the running mc(mc) = 1.26 GeV and pole mass Mc = 1.47 GeV. We
use the QCD parameters in Table 3; b) The same as a) but for the mass MDD.
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Figure 8: a) fDD as function of τ for a given value of tc = 32 GeV2, for µ = 4.5
GeV, for different truncation of the PT series and for the QCD parameters in
Table 3; b) The same as a) but for the mass MDD.
sult must be independent of the arbitrary parameter µ
(plateau / inflexion point for the coupling and minimum
for the mass), we consider as an optimal result the one
at µ ' 4.5 GeV where we deduce the result in Table 4.
8. Molecule states masses and couplings
The results are given in Table 4 (resp. Table 5) for the
charm (resp. bottom) channel where the correspond-
ing hadronic threshold and experimental candidates are
shown in the last two columns. The errors come from
the QCD parameters and from the range of τ, tc and µ
where the optimal results are extracted.
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Figure 9: a) Renormalization group invariant coupling fˆDD at NLO as function
of µ, for the corresponding τ-stability region, for tc ' 18 GeV2 and for the QCD
parameters in Table 3; b) The same as a) but for the mass MDD.
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Table 4: D¯D-like molecules masses, invariant and running couplings from LSR within stability criteria at LO to N2LO of PT.
Nature fˆX [keV] fX(4.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
JPC = 0++ –
D¯D 56 60 62(6) 155 164 170(15) 3901 3901 3898(36) 3739
D¯∗D∗ – – – 269 288 302(47) 3901 3903 3903(179) 4020
D∗0D
∗
0 27 42 50(8) 74 116 136(22) 4405 4402 4398(54) 4636
JPC = 1+± Xc,Zc
D¯∗D 87 93 97(10) 146 154 161(17) 3901 3901 3903(62) 3880
D¯∗0D1 48 71 83(10) 81 118 137(16) 4394 4395 4401(164) 4739
JPC = 0−± –
D¯∗0D 68 88 94(7) 190 240 257(19) 5956 5800 5690(140) 4188
D¯∗D1 – – – 382 490 564( 38) 6039 5898 5797(141) 4432
JPC = 1−− Yc
D¯∗0D
∗ 112 143 157(10) 186 238 261(17) 6020 5861 5748(101) 4328
D¯D1 98 126 139(13) 164 209 231(21) 5769 5639 5544(162) 4291
JPC = 1−+ Yc
D¯∗0D
∗ 105 135 150(13) 174 224 249(22) 6047 5920 5828(132) 4328
D¯D1 97 128 145(15) 162 213 241(25) 5973 5840 5748 (179)
Table 5: B¯B-like molecules masses, invariant and running couplings from LSR within stability criteria from LO to N2LO of PT.
Nature fˆX [keV] fX(5.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
JPC = 0++ –
B¯B 4.0 4.4 5(1) 14.4 15.6 17(4) 10605 10598 10595(58) 10559
B¯∗B∗ – – – 27 30 32(5) 10626 10646 10647(184) 10650
B∗0B
∗
0 2.1 3.2 4(1) 7.7 11.3 14(4) 10653 10649 10648(113) –
JPC = 1+± Xb,Zb
B¯∗B 7 8 9(3) 14 16 17(5) 10680 10673 10646(150) 10605
B¯∗0B1 4 6 7(1) 8 11 14(2) 10670 10679 10692(132) –
JPC = 0−± –
B¯∗0B 11 16 20(3) 39 55 67(10) 12930 12737 12562(260) –
B¯∗B1 – – – 71 105 136(19) 12967 12794 12627(225) 11046
JPC = 1−− Yb
B¯∗0B
∗ 21 29 35(6) 39 54 66(11) 12936 12756 12592(266) –
B¯B1 21 29 35(7) 39 54 65(12) 12913 12734 12573(257) 11000
JPC = 1−+ Yb
B¯∗0B
∗ 20 29 34(4) 38 54 64(8) 12942 12774 12617(220) –
B¯B1 20 29 35(5) 37 53 65(9) 12974 12790 12630(236) 11000
9. Four-quark states masses and couplings
The results are given in Table 6 (resp. Table 7) for the
charm (resp. bottom) channel where the experimental
candidates are shown in the last column. The sources of
errors are the same as in the molecules case.
10. Confrontation with data and some LO results
• Axial-vector (1++) states
As mentioned in the introduction, there are several
observed states in this channel. In addition to the well-
established Xc(3872), we have the Xc(4147, 4273) and
the Zc(3900, 4025, 4050, 4430).
For the non-strange states found from their decays
into J/ψpi+pi−, one can conclude from the results given
in Table 4 that the Xc(3872) and Zc(3900) can be well
described with an almost pure D¯∗D molecule or/and
four quark [cqc¯q¯] states, (q ≡ u, d) while the one of the
Zc(4200, 4430) might be a D¯∗0D1 molecule state. Our re-
sults for the Xc(3872) confirm our LO ones in [53–55].
One can notice that the values of these masses be-
low the corresponding D¯D, B¯B-like thresholds are much
lower than the ones predicted ' 5.12 (resp 11.32) GeV
for the 1++ c¯gc (resp. b¯gb) hybrid mesons [11, 56–58].
Assuming that the value of
√
tc ≈ (6− 7) GeV, where
the optimal values of the masses have been extracted,
are approximately the mass of the 1st radial excitation,
one can deduce that the higher masses experimental
states cannot be such radial excitations.
In the bottom sector, experimental checks of our pre-
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Table 6: Four-quark masses, invariant and running couplings from LSR within stability criteria from LO to N2LO of PT.
Nature fˆX [keV] fX (4.5) [keV] Mass [MeV] Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
c-quark
S c(0+) 62 67 70(7) 173 184 191(20) 3902 3901 3898(54) –
Ac(1+) 100 106 112(18) 166 176 184(30) 3903 3890 3888(130) Xc,Zc
pic(0−) 84 106 113(5) 233 292 310(13) 6048 5872 5750(127) –
Vc(1−) 123 162 178(11) 205 268 296(19) 6062 5904 5793(122) Yc
Table 7: Four-quark masses, invariant and running couplings from LSR within stability criteria from LO to N2LO of PT.
Nature fˆX [keV] fX (5.5) [keV] Mass [MeV] Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO
b-quark
S b(0+) 4.6 5.0 5.3(1.1) 16 17 19(4) 10652 10653 10654(109) –
Ab(1+) 8.7 9.5 10(2) 16 18 19(3) 10730 10701 10680(172) Zb
pib(0−) 18 23 27(3) 62 83 94(11) 13186 12920 12695(254) –
Vb(1−) 24 33 40(5) 45 62 75(9) 12951 12770 12610(242) Yb
dictions are required.
• Scalar (0++) states
Our analysis in Tables 4 and 7 predicts that:
The 0++ D¯D, D¯∗D∗ molecule and four-quark non-
strange states are almost degenerated with the 1++ ones
and have masses around 3900 MeV. This prediction is
comparable with the Zc(3900) quoted by PDG [3] as a
0++ state.
The predicted mass of the D¯∗0D
∗
0 molecule is higher
[4402(30) MeV] but is still below the D¯∗0D
∗
0 threshold.
• Vector (1−±) states
Our predictions in Tables 4 to 7 for molecules and
four-quark vector states in the range of (5646-5961)
MeV are too high compared with the observed Yc(4140)
to Yc(4660) states. Our N2LO results confirm previous
LO ones in [59, 60] but do not support the result in [61]
which are too low.
Our results indicate that the observed states might re-
sult from a mixing of the molecule / four-quark with or-
dinary quarkonia-states (if the description of these states
in terms of molecules and/or four-quark states are the
correct one). The NP contribution to this kind of mixing
has been estimated to leading order in [62]. The same
conclusion holds for the Yb(9898, 10260, 10870) where
the predicted unmixed molecule / four-quark states are
in the range (12326-12829) MeV.
As these pure molecule states are well above the
physical threshold, they might not be bound states and
could not be separated from backgrounds. Our results
go in lines with the ones of [63].
• Pseudoscalar (0−±) states
One expects from Tables 4 to 7 that the 0−± molecules
will populate the region 5656-6020 (resp 12379-12827)
MeV for the charm (resp bottom) channels like in the
case of the 1−± vector states. One can notice that these
states are much heavier than the predicted 0− hybrid c¯gc
(resp. b¯gb) ones ' 3.82 (resp. ' 10.64) GeV from
QSSR [11, 57, 58, 64]. Like in the case of vector states,
these pseudoscalar states are well above the physical
threshold. Therefore, like in the case of vector states,
these molecule states should be broad and are difficult
to separate from backgrounds.
One can also notice that the D∗0D(0
−−) and (0−+)
states are almost degenerate despite the opposite signs
of the 〈q¯q〉 and 〈q¯Gq〉 contributions to the spectral func-
tions in the two channels (see Appendix of [1]).
• Isospin breakings and almost degenerate states
In our approach, isospin breakings are controlled by
the running light quark mass m¯d − m¯u and condensate
〈u¯u − d¯d〉 differences which are tiny quantities. Their
effects are hardly noticeable within the accuracy of our
approach. Therefore, for the neutral combination of cur-
rents which we have taken in Table 1, one expects that
the molecules built from the corresponding charged cur-
rents will be degenerate in masses because their QCD
expressions are the same in the chiral limit.
• Radial excitations
If one considers the value of the continuum thresh-
old tc, at which the optimal value of the ground state
is obtained, as an approximate value of the mass of
the 1st radial excitation, one expects that the radial
excitations are in the region of about 0.4 to 1.6 GeV
/ Nuclear and Particle Physics Proceedings 00 (2018) 1–9 8
above the ground state mass. A more accurate pre-
diction can be obtained by combining LSR with Finite
Energy Sum Rule (FESR) [53, 54, 59] where the mass-
splitting is expected to be around 250-300 MeV at LO.
Among these different observed states, the Zc(4430) and
Xc(4506, 4704) could eventually be considered as radial
excitation candidates.
11. Quark Mass Behaviour of the Decay Constants
The couplings or decay constants given in Tables 4
to 7 are normalized in Eq. 4 in the same way as fpi =
130.4(2) MeV through its coupling to the pseudoscalar
current : 〈0|(mu + md)u¯(iγ5)d|pi〉 = fpim2piφpi(x), where
φpi(x) is the pion field.
One can find from Table 4 that fDD ' 170(15) keV
which is about 10−3 of fpi and of fB ' fD ' 206(7)
MeV [15, 65, 66]. The same observation holds for
the other molecule and four-quark states indicating the
weak coupling of these states to the associated interpo-
lating currents.
Comparing the size of the couplings in the c and b
quark channels (Tables 4 to 7), one can observe that the
ratio decreases by a factor about 10 from the c to the
b channels for the 0++ and 1++ states which is about
the value of the ratio (m¯c/m¯b)3/2, while it decreases by
about a factor 4 for the 0−− and 1−− states which is
about the value (m¯c/m¯b). These behaviours can be com-
pared with the well-known one of fB ∼ 1/m¯1/2b from
HQET and can motivate further theoretical studies of
the molecule and four-quark couplings.
Table 8: Exotic hadron masses and couplings from LSR within stabil-
ity at N2LO
Nature JP Mass [MeV] fˆX [keV] fX(4.5) [keV]
b-quark channel
Molecule
B∗K 1+ 5186 ± 13 4.48 ± 1.45 8.02 ± 2.60
BK 0+ 5195 ± 15 2.57 ± 0.75 8.26 ± 2.40
B∗spi 1+ 5200 ± 18 5.61 ± 0.87 10.23 ± 1.59
Bspi 0+ 5199 ± 24 3.15 ± 0.70 10.5 ± 2.30
Four-quark (su)(b¯d¯)
Ab 1+ 5186 ± 16 5.05 ± 1.32 9.04 ± 2.37
S b 0+ 5196 ± 17 2.98 ± 0.70 9.99 ± 2.36
c-quark channel
Molecule
D∗K 1+ 2395 ± 48 155 ± 36 226 ± 52
DK 0+ 2402 ± 42 139 ± 26 254 ± 48
D∗spi 1+ 2395 ± 48 215 ± 35 308 ± 49
Dspi 0+ 2404 ± 37 160 ± 22 331 ± 46
Four-quark (su)(c¯d¯)
Ac 1+ 2400 ± 47 192 ± 41 260 ± 55
S c 0+ 2395 ± 68 122 ± 26 221 ± 47
12. The case of the X(5568)
In [2], we have also studied the X hadron formed by
3 light quarks uds and one heavy quark Q ≡ c, b us-
ing the same approach as above by assuming if it is a
molecule or four-quark state. We have included NLO
andN2LO PT corrections and the contributions of con-
densates of dimension d ≤ 7. Our results are summa-
rized in Table 8. Contrary to previous claims in the sum
rule literature, our results do not favour a BK, BK∗ or
Bspimolecule or four-quark (bu)(d¯ s¯) state having a mass
around 5568 MeV observed by D0 [67] but not con-
firmed by LHCb [68]. We also predict the correspond-
ing state in the c-quark channel where the D∗s0(2317)
seen by BABAR [69] in the Dspi invariant mass, ex-
pected to be an isoscalar-scalar state with a width less
than 3.8 MeV [3] could be a good candidate for one of
such states.
13. Conclusions
We have presented in these talks a summary of the
results obtained in the chiral limit at N2LO of PT [1, 2].
The extension of this work including S U(3) breaking
terms which we shall compare with recent experimental
states decaying to J/ψφ is under investigation.
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